where τ a , a = 1, 2, 3, are the Pauli matrices, and we have suppressed here the channel (particle species) or isospin indices of the pions. Here we are interested in the non-trivial dependence of these matrix elements on the distance x − y. More specifically, we are interested in those contributions which stem from an exchange of one or more particles between the vertices at x and y which give the most important contributions for large distances | x − y| 1 Mπ . We will therefore disregard contact-term contributions ∼ δ 3 ( x − y), as well as disconnected graphs, e. g., graphs where the external pions are not connected to the vertices at x and y. The latter are of the form C spect.
I. GENERALITIES
We consider matrix elements of the form 
where τ a , a = 1, 2, 3, are the Pauli matrices, and we have suppressed here the channel (particle species) or isospin indices of the pions. Here we are interested in the non-trivial dependence of these matrix elements on the distance x − y. More specifically, we are interested in those contributions which stem from an exchange of one or more particles between the vertices at x and y which give the most important contributions for large distances | x − y| 1 Mπ . We will therefore disregard contact-term contributions ∼ δ 3 ( x − y), as well as disconnected graphs, e. g., graphs where the external pions are not connected to the vertices at x and y. The latter are of the form C spect.
where E p = |p| 2 + M 2 π . The ChPT results for the vacuum expectation values on the r.h.s. (at the one-loop level) can e. g. be found in Sec. 12 and 13 in [1] . Moreover, disconnected graphs like the ones in Fig. 1 do not lead to a non-trivial dependence on the distance, and will not be considered here. The contributions from fully connected graphs, on which we will focus in this work, are subsumed in C conn.
OO . We will compute the dominant long-range part of this quantity here, in the framework of ChPT [1, 2] , following the general methods spelled out e. g. in the textbook [3] (see Chapter 6 and Eqs. (10.4.19,20) therein, and also Chapter 9 of [4] ), which are based on Green functions, path integrals and the effective action [5] [6] [7] [8] [9] . We will also test the range of applicability of those ChPT formulae by a comparison to some specific higher-order contributions generated by tree-level resonance exchange graphs. The necessary Feyman rules and Fourier integrals are collected in App. A and B. In App. C, we include the demonstration of some general relations between the matrix elements in the limit of vanishing pion masses and momenta, which are well-known in the literature as "soft-pion" theorems. The results will be relevant for a forthcoming study of double parton distributions in the pion [10] , employing Lattice QCD (see also [11] for an earlier lattice study).
A. General structure of the contributions Schematically, the contributions from the connected graphs are of the form 
HereM directly results from the integration over internal four-momenta in M . In the specific framework of ChPT applied here, the generating functional of all QCD correlators is evaluated by means of a path integral involving an effective low-energy Lagrangian L eff (U, v, a, s, p . . .) (see [1] , and Eqs. (1) and (2) of [12] ), proof that low-energy QCD can indeed be analyzed in this way has been given by Leutwyler [17] . The effective Lagrangian and the perturbation series are ordered by a low-energy power counting scheme, counting suppression powers of Goldstone boson momenta and masses (or quark masses). For details and further references, we refer to [1, 17, 18] . Since the Feynman rules are read off from iL eff , we note from a comparison of the l.h.s. and the r.h.s. of Eq. (5) that we must multiply our graphs with a phase factor (−i) n (+i) m to obtain the result for a correlator involving n operators P (x), V (x) or A(x) and m operators S(x). This is because the factors of i, which we include in our Feynman rules also for vertices with external sources, are cancelled when taking functional derivatives δ/δip, −δ/δis . . . of Eq. (5).
At leading chiral order, the effective Lagrangian is given by (see [1, 2] )
with χ = 2B(s + ip), s = M + δs, where M is the quark mass matrix, and δs the remaining part of s. The brackets . . . denote the flavor (or isospin) trace, F is the pion decay constant in the chiral limit, and
Here U = exp(i √ 2φ/F ) with φ = φ jλj , where j is a channel (particle species) index which labels the specific pion, andλ are the pertaining channel matrices. We write out φ as
see also App. A. Let us consider an example with just one operator insertion: From the vertex rule (A.4), we find
while the matrix element for the pseudoscalar isosinglet current vanishes at leading order,
With the same method, and Eq. (A.5) we also find (see e. g. Eq. (15.9) in [1] )
The pion propagator in momentum space is also easily derived from L
for a four-momentum q of the propagating pion. 
B. Isospin symmetry
For isoscalar operators, marked with the index 0, isospin symmetry (which we will assume in the following) requires that the matrix representation of the operator is diagonal in the (cartesian) isospin indizes c, d = 1, 2, 3 of the pions,
with C
00
OO (x, y) independent of the individual isospin components (a simple consequence of the Wigner-Eckart theorem). For isovector operators, the symmetry requirement is less trivial:
Here there are three independent coefficient functions. One can e. g. decompose
Obviously, the function C 3 (x, y) has to be antisymmetric under x ↔ y, whereas C 1 (x, y), C 2 (x, y) are symmetric under this operation. As an example, we give the representation of some specific P P isovector matrix elements,
and also for some other isospin structures,
This representation is generally valid assuming isospin symmetry. Note that an additional factor of 4 appears on the r.h.s. of the previous equations if the pseudoscalar operators are replaced by their vector or axial-vector counterparts, because factors of 1 2 are included in the operator definitions in Eq. (1). The mixed isoscalar-isovector case,
will not be considered here, as most of the pion-exchange contributions to such correlators vanish at the order we are working.
II. PION EXCHANGE CONTRIBUTIONS
Taking into account the Feynman graphs of Figs. 2 and 3, tree-level ChPT at leading order gives the following results for the functions C 00 ··· and C ··· 1−3 : In the case of isovector pseudoscalar operators (indicated by the superscript P P ), we find
We use the notation ∆ = p − p,p = 
2 (x, y), since only the latter function contains the "large" integral I M (x − y). This is consistent with the representation in the chiral limit, given in Eq. (C.19).
For (iso-)scalar operators, we find at leading order accuracy that C 00 P P = 0, C SS 1,2,3 = 0 and
The pion-exchange contributions to vector-isovector matrix elements are given by
3 ) µν vanishes in the limit p, p → 0, so that the isospin structure of the matrix element is compatible with the low-energy theorem in Eq. (C.12). For the axial-vector case, we find
In the expressions for the V V and AA correlators, we have left out the argument x − y of the Fourier integrals for brevity. While in the latter two cases, the predictions are parameterfree, the PP and SS correlators depend on the QCD renormalization scale via the low-energy parameter B. Numerical estimates for this parameter at µ QCD = 2 GeV can be found e. g. in the review [19] .
In the case of zero four-momentum transfer,
, and r := −(x − y) 2 , the above results simplify considerably:
Here, the K i (z) are the modified Bessel functions of the second kind, see also App. B. For the previous expressions it is straightforward to verify that
The first equation states the conservation of the vector current in the case of perfect isospin symmetry, while the second equation is a direct consequence of the well-known PCAC relation for the axial currents. We also note that, in the chiral limit M π → 0, the zero-momentum results reduce to
in accord with the general theorems in Eqs. (C.16), (C. 19) , and
The pion exchange contributions calculated in the previous section are expected to dominate at large distances r M −1
π . For practical applications of those expressions, it is of interest to quantify the relevance of higher-order contributions in this range of space-like distances.
Instead of performing a full one-loop calculation in pion ChPT, we attempt here an estimate based on the exchange of the lowest-lying meson resonances relevant for the matrix elements considered in this work. Such a strategy has often been successful in hadron physics [20] [21] [22] [23] [24] [25] , and has lead (in connection with ChPT and the large-N c limit of QCD [26] ) to the so-called "resonance chiral theory" [27] [28] [29] [30] [31] [32] [33] [34] [35] .
A. Chiral Lagrangians for resonances
Let us start with spin 1 meson resonances, of which the ρ is probably the most relevant example. To describe the exchange of vector mesons between x und y, we employ the vector field formalism of [12] (the vector field V µ contains the ρ fields). We remark that, in the antisymmetric tensorfield formalism [25] , an additional contact term is generated, which is however only relevant for x − y → 0, while here we are only interested in the behavior at large distances.
The Lagrangian density for the interaction of vector mesons with pions and external vector and axial-vector source fields is (to lowest order) given by [12] 
see Eq. (A.1) for the channel matricesλ. The vector field propagator in momentum space is
The chiral Lagrangian for axial-vector resonances is at leading order (see. e. g. [12] , Eq. (52))
The ξ µ contain the isovector axial-vector fields (called a 1 ). We show only the terms relevant for the contributions we calculate below -for a complete list of terms, see Eqs. (15), (49) in [12] .
In addition we consider chiral couplings of I = 1 scalar and I = 0 pseudoscalar resonances (denoted here as a 0 and η, respectively) and an isosinglet scalar field called σ (compare e. g.
[36] for an up-to-date review on the lowest-lying scalar resonance). We do not include isovector pseudoscalar resonance fields, since the corresponding resonances have masses 1.3 GeV and are therefore expected to be less relevant for our purposes. At lowest chiral order the pertaining Lagrangians are of the form (compare [25] , Eqs. (3.14-15))
It should be remarked that, although we borrow the notation from [25] , our Lagrangians above represent the two-flavor (chiral SU(2)) versions of the Lagrangians given in this reference.
Estimates for the parameters entering the resonance Lagrangians can be found in Eq. (67) of [12] , and Sec. 4 of [25] . For vector meson masses and couplings at higher quark masses, see also
As the quark mass dependence is formally of higher order in the chiral expansion, we can e. g. set F ≈ F π (etc.). To produce rough estimates one can adopt
The couplings entering the Lagrangians for (pseudo -)scalar resonances are not known to a satisfying accuracy, while the mass parameters can be approximated by the corresponding masses of the lowest-lying resonances. We take here M P ≈ 600 MeV. By a comparison with the chiral SU(3) calculation, we estimate the range |d η | = The reader might object that the use of the resonance Lagrangians specified above is not justified, because the Fourier integrals of the pole diagrams receive the dominant contribution from the region where the four-momenta q, q obey q 2 ∼ M 2 R (where R stands for the resonances), which is beyond the regime where the chiral power counting applies. While this is, strictly speaking, true, and the resonance-exchange terms are not the only higher-order corrections to the pion-exchange tree graphs, we note that the vertex structures obtained from the above Lagrangians are basically unique up to quark mass corrections, corrections due to the (soft) momenta p, p of the pions, and corrections of O(
R , the coupling of s 0 to the σ is just a constant, while the vertex structures for the couplings of v a , a a to the (axial-)vector resonances must be of the form ∼ g µν q 2 − q µ q ν (up to field transformations [38] ) to ensure that the correct number of degrees of freedom for a spin-1 particle propagates (transversality of the coupling, see e. g. (A.15)). For a given term in the Lagrangian, the relative strength of the couplings is fixed (by construction) by chiral symmetry. One should also be aware of the fact that the coupling constants f V , g V etc. are also determined from processes where the resonance four-momenta are close to q 2 ∼ M 2 R , and not soft in the sense of ChPT. Strictly speaking, the chiral power counting of Ref. [25] applies only when the resonance is strongly virtual, |q 2 | M 2 R . The problem becomes even more severe when loop graphs with resonance propagators are considered. For a discussion of such issues, we refer to [31, [39] [40] [41] [42] , and references therein.
B. Resonance exchange contributions
As explained above, we evaluate some specific higher-order conributions which have the form of resonance pole-diagrams, to investigate how the leading r−dependence, given by the treelevel ChPT-contributions calculated in (19)- (38) , is possibly modified, and for which range of distances | x− y| those formulae yield reliable predictions. To this end, it is sufficient to evaluate the resonance exchange contributions for vanishing pion momenta, and in the chiral limit M π → 0 (this limit is not critical here, because those graphs come without pion propagators). The corresponding graph topologies are depicted in Figs. 4,5 . Contributions of X-topology, which contain a π-resonance scattering vertex, are chirally suppressed and do not contribute in the limit considered here.
The σ exchange graphs contribute as
while the contributions to C P P 1,3 vanish (as they should in the chiral limit, see (C.19)). Here the label (R) marks the resonance contribution to the correlator, and I σ (x − y) is given by the integral I M (x − y) defined in (B.2), with M → m σ (and similarly for the other resonances).
The η and a 0 exchange graphs lead to
The ρ and a 1 exchange graphs contribute to the isovector V V and AA correlators:
A (x − y) ,
The coefficient functions I As a specific example, let us consider the π − → π + matrix elements with twoū(. . .)d operators, for vanishing pion momenta, x 0 = y 0 (so that r = | x − y|) and µ = ν = 0 :
For easy reference, we give the explicit expressions below:
The zero in the first line reminds us of the fact that there is no pion-exchange contribution to Fourier transformation of a momentum-dependent local term will just generate contact-terms ∼ δ 3 ( x − y) in position-space. While this shows that the intermediate region 1
is not amenable to an analysis employing ChPT, it is nonetheless interesting to see whether the result with added resonance exchange contributions (the black curves in Figs. 6 and 7) yield reasonable estimates for the measured correlators on the lattice in this region. A first comparison with preliminary lattice data showed that this seems indeed to be the case. This will be further discussed elsewhere [10] .
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Appendix A: Feynman rules
We collect the Goldstone boson fields in the matrix
The "channel matrices" are given, in terms of Pauli matrices, bȳ
They obey the algebraic identity
We could equally well work directly with the Pauli matrices instead of the channel matrices.
However, we prefer the channel matrix formalism here, since the generalization to N > 2 flavors or to the case of isospin violation is straightforward therein, and since we are mostly interested in specific matrix elements involving the charged or neutral pions.
Vertices for PP, SS :
The (pseudo-)scalar external fields are
M we can derive the vertex rules for s i φ 2 and p i φ vertices. Expanding the Lagrangian density in φ and in the external fields p, s, we find
From this we can construct a φ 4 -scattering vertex (jl → km),
But also the "mass term" in L
M contains a φ 4 -contribution:
The vertex rule for a single pion coupling to the pseudoscalar source field is thus given by
for an incoming pion j. In particular, the pseudoscalar isosinglet source field does not couple to single pions (isovector particles) if isospin is conserved (note that the channel matrices are 1 Further identities of this sort are
traceless).
The vertex rules for two pions coupling to the scalar field s a or s 0 are given by
for an incoming (outgoing) pion j (k), while the vertices for three pions j, k, l (j, l in, k out), coupling to p a are found as 
At leading order in the quark mass expansion, we can replace 2Bm → M . The necessary Feynman rules can be derived from the leading order chiral Lagrangian (6) . In the expansion of the kinetic term, we now show the structures including one vector or axialvector source field:
There are also contact terms ("seagull terms") involving two source fields, which result in contributions ∼ δ 4 (x − y) in position space. Being interested in large distances x − y = 0, we do not treat those terms here. For an incoming pion j with four-momentum q µ coupling to a source field a a µ , we read off the vertex factor
One also finds a φ
, and the rule for a vector field v a µ attached to two pion fields j → k,
Vertices involving spin 1 resonance fields:
The leading Lagrangians for the interaction of the ρ and the a 1 resonance fields with the pions are given in Eqs. (43) and (46) . The building blocks occuring in these Lagrangians are collected in Eq. (44) . We need the expansions
from which one can obtain a vertex rule for v 16) and also a vertex rule for
Vertices involving spin 0 resonance fields:
The leading Lagrangians for the interaction of the a 0 and the η resonance fields with the pions are given in Eqs. (48)- (50) . Below we write out the necessary terms in the expansion of the building blocks:
(A.17)
The necessary vertex rules are easily read off from those expressions.
From Lorentz invariance, we must have
The commutators stem from the derivatives of the theta functions which are implicit in the time-ordering operation. In order to continue, we need the commutators (summation over the isospin index k implied, see e. g. [18] , Sec. 2.4, for the explicit calculation)
Using these commutation relations one obtains
Considering the case where p und p approach zero, and defining
we evaluate all integrations involving delta functions and arrive at an interesting result:
If and only if the r.h.s. does not vanish, M 00 (x, y, p , p) must contain a term with a double pole
Such contributions can exist because 0|A µ |π does not vanish, so that the operators A can generate a (massless) pion. Therefore we can extract the pole contribution in question (à la LSZ [8] , using translation invariance):
(where the dots stand for terms without the double pole) and conclude, with 0|A j 0 (0)|π j (p ) = ip 0 F π and the result above, leaving out higher-order terms and a contact-term contribution ∼ δ 4 (x − y) ("Seagull"-graph),
with our results for π|V V |π in the same limit (see Eqs. (23)- (25) we find consistency with Eq. (C.12) (due to (C.13) this also holds for the corresponding limit of π|AA|π ). -Further examples: 
